
A nonlinear quadrotor trajectory tracking controller
with disturbance rejection

David Cabecinhas a,b,n, Rita Cunha a, Carlos Silvestre a,b

a Institute for Robotics and Systems in Engineering and Science (LARSyS), Instituto Superior Técnico, Lisbon, Portugal
b Department of Electrical and Computer Engineering, Faculty of Science and Technology, University of Macau, Taipa, Macau, China

a r t i c l e i n f o

Article history:
Received 10 December 2012
Accepted 30 December 2013
Available online 30 January 2014

Keywords:
Nonlinear control
Trajectory tracking
Disturbance rejection
Backstepping
Quadrotor aircraft

a b s t r a c t

This paper addresses the problem of designing and experimentally validating a controller for steering a
quadrotor vehicle along a trajectory, while rejecting constant force disturbances. The proposed solution
consists of a nonlinear adaptive state feedback controller that asymptotically stabilizes the closed-loop
system in the presence of force disturbances. We consider two methods of angular actuation for the
quadrotor, angular velocity and torque, and ensure that the actuation does not grow unbounded as a
function of the position error. The constant force disturbance is estimated through the use of a
sufficiently smooth projector operator. A prototyping and testing architecture, developed to streamline
the implementation and the tuning of the controller, is also described. Experimental results are
presented to demonstrate the performance and robustness of the proposed controller.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Flight control and applications of Unmanned Aerial Vehicles
(UAV) is an active and challenging topic of research, with crucial
importance to numerous civilian and military applications. A great
number of recent Journal special issues have been dedicated to
these platforms, with topics ranging from the flight control
(Fregene & Braatz, 2012) and aerial robotics (Chen, Chen, & Lee,
2011; Hamel, Mahony, & Tayebi, 2010; Michael, Scaramuzza, &
Kumar, 2012; Valavanis, 2011) to a plethora of remote sensing
applications, like the ones described in detail in Zhou, Ambrosia,
Gasiewski, and Bland (2009) and Martinsanz (2012). Vertical take-
off and landing (VTOL) rotorcraft, with hover flight capabilities,
forms a large and important class of UAVs. From this class, we
highlight the quadrotor as an ideal platform for robotic systems,
particularly suited for the development and testing of new control
strategies due to its simplicity, high maneuverability, and ability
to hover.

Flight control is a fundamental problem for quadrotors and
aerial vehicles in general. Linear methods have been applied to
UAVs with success in Hoffmann, Waslander, and Tomlin (2008),
Bouabdallah, Noth, and Siegwart (2004) and more recently

Hoffmann, Huang, Waslander, and Tomlin (2011), but are of
limited applicability for extended flight envelope regions, i.e.
aggressive maneuvers, where the linearity of the system is no
longer valid. Additionally, one can only guarantee stability of the
closed loop system for small regions around the equilibrium point,
which are extremely difficult to compute. Nonlinear controllers
based on nested saturations have also been proposed for the
tracking of arbitrary trajectories (Naldi, Gentili, Marconi, & Sala,
2010). Due to the nature of the controller, a restriction on the
admissible values of the thrust input and on the range of
uncertainties of the parameters of the torque generation subsys-
tem is necessary. Additionally, the proposed methodology does not
allow for the overturning of the vehicle.

Backstepping is a well known technique extensively used for
control of nonlinear systems. For example, it has been applied to
helicopter trajectory tracking (Frazzoli, Dahleh, & Feron, 2000;
Mahony & Hamel, 2004), to control of a two tilt rotor aircraft
(Kendoul, Fantoni, & Lozano, 2006) and also to quadrotor trajec-
tory tracking (Guenard, Hamel, & Mahony, 2008) and tracking of
parallel linear visual features (Mahony & Hamel, 2005). In general,
the backstepping technique is not applicable to underactuated
systems. However, as shown in Koo and Sastry (1998), a simplified
model commonly adopted for both quadrotors and helicopters is
feedback linearizable by dynamic augmentation of the thrust
actuation, and hence stabilizable by means of backstepping.
Several methodologies can be combined with backstepping to
attain desirable characteristics of a control law, such as robustness
to external disturbances and actuation boundedness. The use of
integral action to achieve zero steady-state error or equivalently
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rejection of constant disturbances in a closed-loop regulation
system is standard in the control literature and can be combined
with the backstepping technique as discussed in Skjetne and
Fossen (2004). The control methodology known as adaptive
backstepping (Krstic, Kanellakopoulos, & Kokotovic, 1995) relies
on an estimator to achieve the disturbance rejection effect of
integral control. One problem with a straightforward application
of adaptive backstepping is that the parameter estimate can
grow, without an a priori bound, depending on the initial
conditions of the system. The typical approach to this problem
is to use a projection operator to constrain the parameter estimate
to a given set (Krstic et al., 1995). The discontinuity of the
projection operation is a twofold problem. First, it leads to
practical problems when applied to continuous time systems.
Second, the recursive application of the backstepping procedure
is no longer possible, as Lipschitz continuity is violated and the
usual theorems on the existence and uniqueness of differentiable
equations can no longer be applied. To overcome both these
problems, we employ the arbitrarily smooth projection operator
proposed in Cai, de Queiroz, and Dawson (2006), which generates
parameter estimates with sufficient smoothness to complete the
backstepping procedure.

Several works for the stabilization of thrust propelled rotorcraft
based on dynamic extension of the thrust input have also been
proposed, namely the ones presented in Frazzoli et al. (2000),
Mahony and Hamel (2004) and more recently Godbolt and Lynch
(2013), Leonard, Martini, and Abba (2012), Kobilarov (2013).
Despite employing different control laws, a common characteristic
unifies these controllers: the existence of a singularity in the
control law for zero thrust. Typically, the singular condition is
either ignored or the control laws are modified ad hoc when near
the singularity, but that leads to a loss of the stability properties
and can endanger a vehicle unnecessarily. Nonetheless, for a set of
initial error conditions, it can be proven that the thrust never
reaches zero and the control law is well defined for all time, as
detailed in Mahony and Hamel (2004).

The work in Roberts and Tayebi (2011) employs similar adap-
tive techniques to achieve control of a VTOL UAV for a set of
constant external disturbances. The quadrotor control is con-
structed by designing a bounded thrust virtual control, which is
then tracked using the thrust and torque available controls. The
zero thrust singularity is avoided by constraining the virtual
control law but that leads to a rather conservative control action.
Two controllers are then presented, one which achieves almost
global stabilization and other which presents some restrictions on
the initial conditions. The estimation and cancelation of the
external disturbance is performed using the smooth projection
from Cai et al. (2006) to ensure that the estimates are differenti-
able. As opposed to our method, which treats the rotational
degree-of-freedom inherent to these vehicles independently from
the position tracking objective, the solution in Roberts and Tayebi
(2011) completely prescribes the desired rotation matrix through
the attitude extraction method proposed. Simulation results are
presented for the proposed controllers, although they are not
evaluated in an experimental setup.

Typically, small-scale quadrotors are either controlled in thrust
and angular velocity or thrust and torque. With today0s technol-
ogy, there are commonly available sensors for angular velocity
with an extremely small footprint that can be carried by even the
smallest quadrotor vehicles. This fact makes it easy for aircraft
manufacturers to measure the angular velocity and design inner-
loop controllers to track angular velocity commands. Torque
commands for quadrotor vehicles are also trivial to implement
since most electric motors employed in remote controlled aircraft
are internally controlled in speed. The motor0s angular speed is
directly related with the thrust force they generate and by acting

on the motors the manufacturer can impose a different force on
each motor, so as to track a torque reference.

In this work, we address the problem of trajectory tracking for
quadrotors, using a backstepping procedure that builds on the
dynamic extension of the thrust input. The desired trajectory is
specified by a sufficiently smooth time-parameterized position
vector. The desired attitude of the vehicle is not prescribed since
attitude convergence (up to a rotation about the body z-axis) is
naturally accomplished by solving the position tracking problem.
Robustness to external constant disturbances is accomplished
through adaptive backstepping. These disturbances can be used
to represent both exogenous inputs such as constant wind and
model uncertainties such as mass mismatches or uneven mass
distribution of the vehicle. The proposed control laws allow us to
determine a Lyapunov function for the closed-loop system whose
time derivative is negative definite with regard to the tracking
errors, rendering it inherently robust to small errors and noise.
Experimental results are presented to attest the robustness and
performance of the proposed control laws.

A preliminary version of this work was presented in Cunha,
Cabecinhas, and Silvestre (2009, 2013). One of the main changes
with regard to that preliminary version of this work is the
consideration of an external disturbance, modeling the wind force,
and its consequent rejection by the proposed control law. The
other major improvement is that the control laws for torque
actuated vehicles are adapted to quadrotor vehicles actuated in
angular velocity and experimentally validated with actual aerial
vehicles. Furthermore, the addition of the external disturbance
rendered the closed loop systems non-autonomous and lead to a
reformulation of the Theorem0s proofs by using Barbalat0s Lemma.

This paper is structured as follows. Section 2 lays out the
mathematical notation used throughout the paper and Section 3
introduces the quadrotor model. The problem and control objec-
tives are stated in Section 4. The controller design is described in
Section 5, including the necessary steps to ensure disturbance
rejection. Experimental results illustrating the performance of the
proposed control law are presented in Sections 6 and 7 draws
conclusions from the contents of the paper and points out
directions for future work.

2. Notation

Throughout this work we use the prime f 0ðxÞ to denote the
partial derivative of the function f with respect to x, f 0ðxÞ ¼
ð∂f =∂xÞðxÞ, and the upper dot _f ðxðtÞÞ ¼ f 0ðxðtÞÞ _xðtÞ to denote the
total time derivative of the function. Vectors are represented by
bold characters and e1, e2, and e3 denote the unit vectors co-
directional with the x-, y-, and z-axis, respectively. When design-
ing an estimator for the unknown quantity x, we use x̂ to denote
the estimate and ~x ¼ x� x̂ to denote estimation error. A function
sðsÞ : R-R is a saturation function if it is differentiable and verifies,
for positive M and smax,

0os0ðsÞoM for all s; ð1aÞ

sð�sÞ ¼ �sðsÞ for all s; ð1bÞ

ssðsÞ40 for all sa0; sð0Þ ¼ 0; ð1cÞ

lim
s-71

sðsÞ ¼ 7smax: ð1dÞ

Examples of smooth saturation functions are s1ðsÞ ¼ s=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þs2

p
and

s2ðsÞ ¼ arctanðsÞ. The map Sð�Þ : R3↦R3�3 yields a skew-symmetric
matrix that verifies SðxÞy¼ x � y, for x and yAR3.
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3. Quadrotor model

The quadrotor vehicle is modeled as a rigid body that can
generate a thrust force along the body z-axis. We consider two
distinct forms of angular actuation: (i) torque, which is equivalent
to controlling the force exerted by the electric motors; and
(ii) angular velocity. Both are common in quadrotors, whether
they are commercial off-the-shelf vehicles or custom built ones.

Consider a fixed inertial frame fIg and a frame fBg attached to
the vehicle0s center of mass. The configuration of the body frame
fBg with respect to fIg can be viewed as an element of the Special
Euclidean group, ðR;pÞ ¼ ðIBR;IpBÞASEð3Þ, where pAR3 is the posi-
tion and RASOð3Þ the rotation matrix. The kinematic and dynamic
equations of motion for the rigid body can be written as

_p ¼ Rv; ð2aÞ

_v ¼ �SðωÞvþ 1
m
f; ð2bÞ

_R ¼ RSðωÞ; ð2cÞ

_ω ¼ �J�1SðωÞJωþJ�1n; ð2dÞ
where the linear velocity vAR3, the force fAR3, the angular
velocity ωAR3, and the torque nAR3 are expressed in the body
frame fBg. For quadrotors actuated in angular velocity, only
(2a)–(2c) are necessary for a complete model of the vehicle,
whereas for actuation in torque the additional angular dynamics
(2d) is required. The scalarm and the matrix JAR3�3 represent the
quadrotor0s mass and moment of inertia, respectively. For both
quadrotor models, the aerodynamic drag forces due to the fuselage
are neglected given the low speeds at which the quadrotors
operate.

Bearing in mind the geometry of the quadrotor and assuming
that the forces and moments generated by each of the four rotors
are approximately given by the thrust and torque components
perpendicular to the rotor disk plane, we can consider a quadrotor
model such that torques (or angular velocities) can be generated in
any direction and the generated thrust force is always aligned with
the body z-axis. Fig. 1(a) shows a small-scale quadrotor platform
and a sketch of the quadrotor setup is presented in Fig. 1(b),
together with illustrations of reference frames, the force Fi gener-
ated by each motor and the direction of rotation for each propeller.
There is a bijective correspondence between the motor forces Fi
and the total thrust T and torque n applied to the quadrotor. We
consider that the torque is either an input for the quadrotor or that
an inner-loop controller exists that adjusts the torque in order to
track angular velocity references. We call this latter design a
quadrotor controlled in angular velocity.

The total force acting on the quadrotor, in body coordinates, is
given by

f ¼ �Te3þmgRTe3þmRTb ð3Þ
where T is the thrust generated by the motors, e3 ¼ ½0 0 1�T , g is the
gravitational acceleration, and bAR3 is an unknown external dis-
turbance expressed in fIg. The force disturbance mb can model
exogenous inputs, such as constant wind, and also model uncertain-
ties, such as imperfect knowledge of the mass of the vehicle. With the
full torque control available, the angular dynamics (2d) can be
reduced to the integrator form _ω ¼ τ, using the input transformation:

n¼ JτþSðωÞJω: ð4Þ
The quadrotor is thus an underactuated vehicle, as evidenced by (2b)
and (3), making the control problem much more difficult to address
than what it would be for a fully actuated vehicle. In this particular
case we only have one degree of freedom for the force actuation in
the body frame and we are required to control the linear position of
the vehicle pAR3. It is however possible to control the vehicle0s
position, as its attitude can be used to drive the thrust force to some
desired direction.

4. Problem statement

Let the desired trajectory pdðtÞAR3 be a curve of class at least C4.
The control objective consists of designing a control law for the
quadrotor actuations T(t) and ωðtÞ, or T(t) and τðtÞ, that ensures
convergence of the vehicle0s position pðtÞ to the trajectory pdðtÞ with
the largest possible basin of attraction. Throughout the remainder of
the paper, the time dependence of variables is often omitted to
lighten notation.

Due to the underactuated nature of the vehicle, the desired
attitude cannot be arbitrarily selected. From (2b) and (3), it is easy
to observe that the equilibrium for trajectory tracking satisfies

TdRde3 ¼mge3�m €pdþmb: ð5Þ
Consequently, the desired rotation matrix Rd is automatically
prescribed up to a rotation about the body z-axis (TdRdRzðψ Þe3 ¼
mge3�m €pdþmb, with ψAR). The symmetry exhibited by the
quadrotor vehicle dictates that there is an additional degree of
freedom. Rotations about the body z-axis bear no influence on the
control action as it is possible to generate any angular velocity and
thrust, within the vehicle0s limits of operation, regardless of its
heading angle. Throughout the design of the trajectory tracking
controller, the attitude is handled in its natural space, the Special
Orthogonal group SO(3), as a rotation matrix. This avoids the
introduction of artefacts related only to the parameterization used
for the attitude, as is the case of singularities with Euler angles and

Fig. 1. Quadrotor experimental platform and diagram. (a) Quadrotor platform. (b) Quadrotor setup.
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multiple coverings with the quaternion representation (Bhat &
Bernstein, 2000).

We consider the full state of the vehicle to be available for
feedback. In our setup, the state measurements are obtained
through a high speed motion tracking system, based on external
cameras tracking reflective markers on the vehicle, as described in
Section 6.

Although this is hardly ever the case in practice, the external
disturbance b is assumed to be constant for controller design
purposes. An upper bound is assumed to be known on the external
disturbance, so that the quadrotor can perform a trajectory
tracking maneuver with bounded thrust input.

Assumption 1. The external disturbance b in (3) is constant and is
bounded as JbJrB with B40.

In an experimental setup, this is an idealized assumption that
approximates reality, thus precluding the attainment of perfect
tracking. Nonetheless, the robustness added to the controller by
considering constant disturbances is beneficial and results in
smaller closed-loop errors.

Even though the disturbance is bounded, straightforward or
naive implementations of estimators can lead to wind-up phe-
nomena and result in unbounded growth of the estimate. To avoid
a wind-up effect on the disturbance estimator, and keep the
estimate bounded, we employ a sufficiently smooth projection
operator when designing the estimators. This procedure is
detailed in the next section, together with the design of the
controller. The smooth projection method requires overparame-
trization of the disturbance due to the higher order of the
quadrotor system. The multiple estimates of the external distur-
bance, denoted by b̂1 and b̂2, are obtained by adaptive back-
stepping and used for feedback control. Stability of the estimation
errors is guaranteed by Lyapunov-like methods fromwhich we can
also assert the convergence of the first estimate b̂1 to the real
value of the disturbance, as detailed in the sequel.

5. Controller design

We start the design process by considering a virtual controller
for the translational subsystem, which is backstepped through the
angular subsystem to obtain the final implementable controllers,
one for angular velocity and another for torque actuation. The
proposed controller for the translational subsystem is based on the
procedure detailed in Mazenc and Iggidr (2004), which is pre-
sented in the following proposition for a single double integrator.

Proposition 2. Consider the double integrator system

_x1 ¼ x2; ð6aÞ

_x2 ¼ u ð6bÞ
driven by input uAR and let s, ρ be saturation functions of class C2

and ΩAC3 such that ΩðsÞ ¼ s, for jsjo2smax and Ω0ðsÞZ1 for all s.
The control law

uðx1; x2Þ ¼ �ðx2þsðx1ÞÞðρðx2þsðx1ÞÞþsðx1ÞÞ
Ω0ðx2ÞðΩðx2ÞþΩðsðx1ÞÞÞ

þs0ðx1Þx2
Ω0ðx2Þ

ð7Þ

renders the origin of the double integrator globally asymptotically
stable and the input verifies

juðx1; x2Þjr
1

Ω0ðx2Þ
ðρmaxþsmaxþs0

maxjx2jÞ: ð8Þ

Notice that if Ω is, at least, asymptotically quadratic, then an
upper bound on juðx1; x2Þj can be established a priori and for all

ðx1; x2ÞAR2. The Lyapunov function for the double integrator

Vðx1; x2Þ ¼ϕðx1Þþ1
2 ðΩðx2ÞþΩðsðx1ÞÞÞ2; ð9Þ

with ϕðsÞ ¼ R s
0 sðtÞ dt, has closed-loop negative-definite time deri-

vative:

_V ðx1; x2Þ ¼ �sðx1Þ2�ðx2þsðx1ÞÞρðx2þsðx1ÞÞ: ð10Þ
In order to define the virtual controller for the translational

subsystem, consider the following error states:

z1 ¼ p�pd; ð11aÞ

z2 ¼ _z1þsðz1Þ; ð11bÞ
for the double integrator driven by

€z1 ¼ u¼ � T
m
Re3þge3þb� €pd: ð12Þ

A tentative Lyapunov function is devised as

VDI ¼ϕðz1ÞT1þ1
2 ðΩðz2�sðz1ÞÞþΩðsðz1ÞÞÞT ðΩðz2�sðz1ÞÞþΩðsðz1ÞÞÞ;

ð13Þ
where, with a slight abuse of notation, ϕ, s, and Ω are applied
element-wise. For a fully actuated vehicle, the control law

u⋆ ¼
uðz11; z21�sðz11ÞÞ
uðz12; z22�sðz12ÞÞ
uðz13; z23�sðz13ÞÞ

2
64

3
75; ð14Þ

with the controller u defined as in (7), globally asymptotically
stabilizes the system and renders the Lyapunov function derivative
negative definite:

_VDI ¼ �sðz1ÞTsðz1Þ�zT2ρðz2Þ ¼ �W2ðz1; z2Þ: ð15Þ
In the next step, we consider the real vehicle and the errors
introduced by the underactuation. Furthermore, a term is added to
the Lyapunov function to enable disturbance rejection. The new
tentative Lyapunov function is

V2 ¼ VDIþ
1

2kb1
~b
T
1
~b1; ð16Þ

with positive gain kb1, and has the following time derivative:

_V 2 ¼ �W2ðz1; z2Þþ
∂V2

∂z2
ðu�u⋆Þ� 1

kb1
~b
T
1
_̂b 1

¼ �W2ðz1; z2Þþ
∂V2

∂z2
ðû�u⋆Þþ ~b

T
1

∂V2

∂z2

T

� 1
kb1

_̂b1

!
;

 
ð17Þ

where the real control input, computed using the estimated
disturbance, is

û ¼ � T
m
Re3þge3þ b̂1� €pd ð18Þ

and the partial derivative of (16) with respect to z2 is written as

∂V2

∂z2

T

¼ ðΩðz2�sðz1ÞÞþΩðsðz1ÞÞÞ � Ω0ðz2�sðz1ÞÞ ð19Þ

where � denotes element-wise vector multiplication. The term
û�u⋆ can be regarded as an actuation error due to the fact that
the quadrotor is an underactuated vehicle, i.e. the thrust must be
aligned with the z body axis, and due to the unknown disturbance b.
Applying the backstepping procedure, we define the new back-
stepping error:

z3 ¼ û�u⋆ ð20Þ
and the new Lyapunov function:

V3 ¼ V2þ1
2 z

T
3z3; ð21Þ

D. Cabecinhas et al. / Control Engineering Practice 26 (2014) 1–104



with time derivative

_V 3 ¼ �W3ðz1; z2; z3ÞþzT3 k3z3þ
∂V2

∂z2

T

þ _z3

 !
þ ~b

T
1

∂V2

∂z2

T

� 1
kb1

_̂b 1

 !
; ð22Þ

where W3ðz1; z2; z3Þ ¼W2þk3zT3z3 is a positive definite function.
The time derivative of the error state z3 is

_z3 ¼ �
_T
m
Re3�

T
m
RSðωÞe3þ _̂b 1�pð3Þ

d � _̂u
⋆�∂u⋆

∂z2
~b1; ð23Þ

where _̂u
⋆
denotes the estimate of the time derivative of u⋆ obtained

using b̂1 instead of the unknown b. The time derivative of the virtual
actuation can be expressed as

du⋆

dt
¼ ∂u⋆

∂z1
dz1
dt

þ∂u⋆

∂z2
dz2
dt

; ð24Þ

where the external disturbance appearing only linearly in the term
dz2=dt. We have thus that the error when performing the estimation
using b̂1 is given by

_u⋆� _̂u
⋆ ¼ ∂u⋆

∂z2
~b1: ð25Þ

Substituting _z3 in (22) and defining the input vector and matrix,

μ¼
_T

ω1

ω2

2
64

3
75; MðTÞ ¼

0 0 �T

0 T 0
�1 0 0

2
64

3
75;

we get an expression for the Lyapunov function time derivative:

_V 3 ¼ �W3ðz1; z2; z3ÞþzT3
1
m
RMðTÞμþk3z3þ

∂V2

∂z2

T

þ _̂b 1�pð3Þ
d � _̂u

⋆
 !

þ ~b
T
1

∂V2

∂z2

T

�∂u⋆

∂z2

T

z3�
1
kb1

_̂b1

 !
: ð26Þ

We tackle the estimation of the disturbance using a projection
operator that keeps the estimate b̂1 within some a priori defined
set and verifies the smoothness properties required for the iterative
application of the backstepping procedure. Consider the estimate
update law

_̂b 1 ¼ kb1 Projðξ; b̂1Þ ¼ kb1 ξ� η1η2
2ðε2þ2εBÞnþ1B2b̂1

 !
ð27Þ

with

ξ¼ ∂V2

∂z2

T

�∂u⋆

∂z2

T

z3; ð28Þ

η1 ¼ ðb̂T

1b̂1�B2Þnþ1 if ðb̂T

1b̂1�B2Þ40
0 otherwise

(
; ð29Þ

η2 ¼ b̂
T

1ξ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb̂T

1ξÞ2þδ2
q

; ð30Þ
where ε40 and δ40 are arbitrary parameters and B40 is the
bound on the norm of the unknown parameter. The smooth
projection operator is taken from Cai et al. (2006) and has the
following properties:

P1 – J b̂ðtÞJrBþε; 8 tZ0;
P2 – ~b

T
Projðξ; b̂ÞZ ~b

T
ξ;

P3 – JProjðξ; b̂ÞJr JξJ ½1þððBþεÞ=BÞ�2þððBþεÞ=ð2B2ÞÞδ;
P4 – Projðξ; b̂Þ is Cn.

From the estimator control law (27) and property P2 we derive
the upper bound for the Lyapunov function derivative:

_V 3r�W3ðz1; z2; z3ÞþzT3
1
m
RMðTÞμþk3z3þ

∂V2

∂z2

T

þ _̂
b1�pð3Þ

d � _̂u
⋆

 !
: ð31Þ

Moreover, property P4 ensures that the derivatives of the estimate
are continuous up to b̂

ðnþ1Þ
1 . At this time, for vehicles actuated in

angular velocity, we can actuate on the control inputs μ and render
(31) negative semi-definite to achieve convergence of the trajec-
tory tracking error to zero. For quadrotors actuated in torque, we
need to continue applying the backstepping procedure. Let us look
at the Lyapunov derivative upper bound (31) and define the final
backstepping error:

z4 ¼
1
m
RMðTÞμþk3z3þ

∂V2

∂z2

T

þ _̂b 1�pð3Þ
d � _̂u

⋆
: ð32Þ

The error time derivative, finally featuring the torque controls, is

_z4 ¼
1
m
RSðωÞMðTÞμþ 1

m
R _MðTÞμþ 1

m
RMðTÞνþ ĥ

þ ∂
∂z2

k3z3þ
∂V2

∂z2

T

þ _̂b 1�pð3Þ
d � _̂u

⋆
 !

~b2; ð33Þ

where we performed the input transformation

ν¼ ½ €T τ1 τ2�T ð34Þ
and ĥ is the estimate of

h¼ d
dt

k3z3þ
∂V2

∂z2

T

þ _̂b 1�pð3Þ
d � _̂u

⋆
 !

ð35Þ

obtained using the estimate b̂2 instead of the unknown distur-
bance b. The estimation error is given by

h� ĥ ¼ ∂
∂z2

k3z3þ
∂V2

∂z2

T

þ _̂b 1�pð3Þ
d � _̂u

⋆
 !

~b2: ð36Þ

Let us consider the final Lyapunov function

V4 ¼ V3þ
1
2
zT4z4þ

1
2kb2

~b
T
2
~b2 ð37Þ

with kb240 and verify that its time derivative is

_V 4r�W4ðz1; z2; z3; z4ÞþzT4 z3þk4z4þ
1
m
RSðωÞMðTÞμ

�

þ 1
m
R _MðTÞμþ 1

m
RMðTÞνþĥ

�

þ ~b
T
2

∂
∂z2

k3z3þ
∂V2

∂z2

T

þ _̂b 1�pð3Þ
d � _̂u

⋆
 !T

z4�
1
kb2

_̂b 2

0
@

1
A: ð38Þ

At this point, we can establish a control law for ν and an
estimation law for b2 that, in conjunction with the previously
proposed estimation law (27), renders the Lyapunov function
negative semi-definite and achieves trajectory tracking. This result
is established in the following theorem.

Theorem 3. Let the quadrotor kinematics and dynamics be described
by (2a)–(2d), let pdðtÞAC4 be the reference trajectory, and consider
the transformation to error coordinates z1, z2, z3, z4, given by (11a),
(11b), (20), (32), respectively. For any bounded τ3ðtÞ, the closed-loop
system that results from applying the input transformation (34), the
control law

ν¼ �mM�1ðTÞRT z3þk4z4þ
1
m
RSðωÞMðTÞμþ 1

m
R _MðTÞμþĥ

� �
;

ð39Þ
and the estimator laws (27) and

_̂b 2 ¼ kb Proj
∂
∂z2

k3z3þ
∂V2

∂z2

T

þ _̂b 1�pð3Þ
d � _̂u

⋆
 !T

z4; b̂2

0
@

1
A; ð40Þ
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achieves trajectory tracking by guaranteeing that the errors z1, z2, z3,
and z4 converge to zero for any initial condition verifyingffiffiffiffiffiffiffiffiffiffiffiffiffi
2Vð0Þ

p
og�ðBþεÞ� J €pdðtÞJ1�u⋆

max; ð41Þ
where B is the bound on the external disturbance, J � J1 denotes the
supremum norm (also called infinity norm) of a function and u⋆

max is
the upper bound on the virtual control law u⋆ðz1; z2Þ. Moreover, the
disturbance estimate b̂1 converges asymptotically to the unknown
constant disturbance b.

Proof. Starting with the positive definite Lyapunov function,

V ¼ϕðz1ÞT1þ
1
2
ðΩðz2�sðz1ÞÞþΩðsðz1ÞÞÞT ðΩðz2�sðz1ÞÞ

þΩðsðz1ÞÞÞþ
1
2
zT3z3þ

1
2
zT4z4þ

1
2kb1

~b
T
1
~b1þ

1
2kb2

~b
T
2
~b2; ð42Þ

and computing its time derivative, in closed-loop, we have that

_V r�sðz1ÞTsðz1Þ�k2zT2ρðz2Þ�k3zT3z3�k4zT4z4; ð43Þ
which is a negative semi-definite function of the error states and
the estimation errors, and is strictly negative definite with regard
to the error states. Since the quadrotor error dynamics are non-
autonomous, we resort to Barbalat0s Lemma to prove convergence
of _V to zero. From the unboundedness of V with respect to the
states z1; z2; z3, and z4 and the estimation errors ~b1 and ~b2, and
observing that _V is negative semi-definite, we conclude that the
states, the estimates and estimation errors are bounded. Since _V is
semi-definite negative then the Lyapunov function is upper
bounded by V ð0Þ for all time. From that fact and the definition of
the error z3 it follows that jz3jr

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Vð0Þ

p
. Observing the bound on

error z3, its definition (20) with (18), and property P1 of the
smooth projection operator, we can establish the following con-
servative lower bound for the thrust input:

jT jZmðg�ðBþεÞ� J €pdðtÞJ1�u⋆
max�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2V ð0Þ

p
Þ: ð44Þ

The external reference pd and its derivatives are bounded by
assumption and

_̂b 1 and
_̂b 2 are bounded from property P4 of the

projection operator and boundedness of the error states and dis-
turbance estimations. From the boundedness of the state z3, the
definitions (18) and (20), and boundedness of the virtual control law
(14), €p and estimate b̂1 we conclude that the thrust force T is
bounded. From the definition (32) and boundedness of z4 we
conclude that μ is bounded if the initial error is within the conditions
of the theorem. Finally, boundedness of the time derivative _z4
follows from the boundedness of the states, estimates, and the terms
in the control law (34). The estimate ĥ and the partial derivatives in
(33) are bounded since they are smooth functions of the states and
bounded external variables and have no singularities. We have
shown that in the conditions of the theorem the control law (39) is
well defined and €V is bounded from which follows that the time
derivative _V is uniformly continuous. We can therefore apply
Barbalat0s Lemma to prove convergence of _V to zero and, conse-
quently, of the error states z1, z2, z3 and z4 to the origin.
Convergence of the estimate b̂1 to b is a consequence of the

convergence of the error states to the origin, the definition (20)
and the dynamics equation (12). At the error system origin, we
have u⋆ ¼ 0. From (20) it follows that û ¼ 0 and from (12) we get
u¼ 0, leading to the conclusion that the estimate b̂1 converges to
the real external disturbance b.

The rotational degree of freedom allowed for ω3ðtÞ, or subse-
quently τ3ðtÞ, by the term SðωÞe3 in (23) is due to the axial
symmetry exhibited by the quadrotor and can be exploited to
control the heading of the vehicle independent of the trajectory
tracking law (39). An additional feature of the proposed actuation
laws is that they depend only on bounded functions of the position

error. This is a desirable property since the initial position error
can be arbitrarily large and, without the saturation, would lead to
physically infeasible control actuations.

6. Experimental results

In order to experimentally validate the proposed control algo-
rithms we developed a rapid prototyping and testing architecture
using a Matlab/Simulink environment to seamlessly integrate the
sensors, the control algorithm, and the communication with the
vehicles. The vehicle used for the experiments is a radio controlled
Blade mQX quadrotor (Horizon Hobby Inc., 2012), depicted in Fig. 1(a).
This aerial vehicle is very agile and maneuverable, readily available
and inexpensive, making it the ideal platform for the present work.
The quadrotor weighs 80 g with battery included and the arm length
from the center of mass to each motor is 11 cm.

Due to the lack of support for on-board sensors, the state of the
vehicle must be estimated through external sensors. In our setup
we use a VICON Bonita motion capture system (VICON, 2012),
comprising 12 cameras, together with markers attached to the
quadrotor. The motion capture system is able to accurately locate
and estimate the positions of the markers from which it obtains
position and orientation measurements for the aircraft. VICON
Bonita is a high performance system, able to operate with sub-
millimeter accuracy at up to 120 Hz. The performance of the
motion capture system is such that the linear velocity can be well
estimated from the position measurements by a simple backwards
Euler difference, with relatively low noise level. For the experi-
mental setup, the state measurements from the motion capture
system are obtained at 50 Hz, allowing for improved accuracy.

The vehicles use a 2.4 GHz wideband Direct Sequence Spread
Spectrum signal to generate a robust radio link with on-channel

Fig. 2. Serial-port to RF interface used to generate the quadrotor radio control
signals from a computer.

Fig. 3. Quadrotor control architecture.
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interference resistance. This radio technology also allows for the
simultaneous use of several vehicles in a confined space, enabling
formation flight. The commercial off-the-shelf quadrotor vehicles
are designed to be human piloted with remote controls but not
directly from a computer. In order to be able to send commands to
a quadrotor from an external computer we connected the serial
interface of the RF module to a computer serial port. Fig. 2 shows
four disassembled RF (radio frequency) modules which allow for
an extension of the experimental setup to up to four vehicles
flying simultaneously. To maintain the radio link, the radio
transmitters must receive the control signals via serial port and
send them to the vehicle once every 22.5 ms.

A graphical representation of the overall architecture is pre-
sented in Fig. 3. We use two computer systems, one running the
VICON motion tracking software and the Simulink model which
generates the command signals sent to the other computer
through Ethernet; and the other that receives the command
signals and sends them through serial port to the RF module at
intervals of 22.5 ms. The decision to separate control and commu-
nications was made to avoid jitter in the transmission of the serial-
port signals to the RF module, which occurred when running all
the systems in the same computer, and lead to erratic commu-
nication with the vehicle.

The Matlab/Simulink interface (see Fig. 4) enables a fast
iteration between simulation and experimental testing of control
algorithms. A VICON block handles the reception of estimates from
the motion capture system and outputs the quadrotor state;
computation of the control signals is performed based on mea-
sured or simulated vehicle state; and the actuation signals are
ultimately relayed to the second computer for radio transmission
to the quadrotor or to a simulator block.

6.1. Identification

Identification of the platform was performed by applying
different constant commands over several experiments and mea-
suring the thrust force and angular velocity of the vehicle. The
thrust force was measured by having weights attached to the

quadrotor and finding the thrust command that balanced it. For
the angular velocity a command was applied and the angular
velocity measured directly with the motion capture system. The
radio control system accepts commands in the range ½0;1� for the
thrust and ½�1;1� for the angular velocities. The identification
results are presented in Fig. 5. The RC commands relate linearly
with the vehicle outputs. The maximum thrust generated by the
propellers is then approximately 1.37 N (equivalent to 140 g) and
varies slightly with the battery charge. Keeping in mind that the
commands for angular velocity range between ½�1;1�, the max-
imum angular velocity that can be commanded is 2001/s for the x-
and y-axis and 3001/s for the z-axis. However, the commands
issued to the quadrotor are not instantaneously followed. This
delay nonlinearity can be well approximated by considering the
motors as first order dynamic systems with a pole at 1.5 Hz.

6.2. Trajectory tracking

For the first experimental evaluation of the proposed controller
we selected for the desired trajectory a lemniscate (figure eight)
parameterized as

pdðtÞ ¼
3
2
Rxð�π=4ÞRzð�π=6Þ

sin ðϕðtÞÞ cos ðϕðtÞÞ
sin ðϕðtÞÞ2 þ1

cos ðϕðtÞÞ
sin ðϕðtÞÞ2 þ1

0

2
6664

3
7775þ

0
0
�1

2
64

3
75; ð45Þ

where ϕðtÞ obeys to

_ϕðtÞ ¼ V
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sin 2t

q
: ð46Þ

This parametrization results in a trajectory with unitary norm time
derivative and constant desired speed for the quadrotor of V m/s.

Fig. 4. Simulink block diagram of the quadrotor controller featuring the alternative
VICON sensor or quadrotor simulator, reference input, and output to the RF module.
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Fig. 5. Quadrotor commands identification. Linear regression of (a) thrust commands, (b) roll/pitch commands, and (c) yaw commands.

Fig. 6. Comparison of the reference and vehicle trajectories.
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The control law coefficients are k3 ¼ 4, kb¼1, and the initial
estimate b̂1ð0Þ is set to zero. For the sigmoid function we use

sðsÞ ¼ Mrsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þr2 s2

p ;

which has the bound jsðsÞjrM and derivative at the origin
s0ðsÞ ¼ r, with M¼1.5 and r¼3. As yaw input action we use
ω3ðtÞ ¼ 0.

A comparison between the reference trajectory, a lemniscate in
an inclined plane described at a speed of V¼1 m/s, and the actual
quadrotor trajectory is presented in Fig. 6. The quadrotor is initially
landed, located approximately at the origin, and the initial refer-
ence position is approximately ð1;1; �1:5Þ. Both of these locations
are identified by purple markers. The figure shows that the
quadrotor trajectory converges to the reference trajectory in a
straight fashion, without unnecessary trajectory deviations or
changes of direction. After the initial transient, corresponding to
the first half of the figure eight, the position error is small, as
evidenced by the nearly identical reference and actual lemniscate
trajectories.

The quadrotor follows closely the desired path, with negligible
position error z1 in steady state, as can be inferred from the time
evolution of the backstepping errors, as shown in Fig. 7. The RMS
of the trajectory tracking error z1 in steady state is 8.5 cm and the
maximum error is 16.8 cm. The position error in steady state can
be attributed to unmodeled dynamics of the plant and to the fact
that the issued commands are not perfectly followed by the
aircraft. The main contributions to the unmodeled dynamics
are threefold: (i) there exist unmodeled cross-couplings between
the angular velocity commands and the lateral forces acting on the
quadrotor, due to an uneven and not perfectly symmetric mass
distribution of the vehicle; (ii) the issued thrust and angular

velocity commands are not perfectly followed due to motor inertia
and incorrect thrust command to thrust force identification; (iii)
there exist non-constant disturbances affecting the vehicle, mainly
due to non-constant wind and a non-constant drag force acting on
the quadrotor. Notice that the vehicle has a large initial position
error, leading to the saturation function having a preponderant
role in the control signal. Despite this unfavorable initial config-
uration, the actuation commands are kept within their perfor-
mance limits (see Fig. 9) and convergence to the reference
trajectory occurs in just 5 s time, after which only small correc-
tions are performed on the quadrotor trajectory.

Although the trajectory tracking experiment is performed on a
closed division, with wind disturbances arising only from an air
conditioning system, the effect of the integral action is evidenced
on the vertical axis. After the initial transient, where the vertical
error decreases rapidly, there is a slower approximation of the
altitude to the desired one, until they match in steady state. This
slower convergence is the result of the imposed integral action,
through the disturbance estimator, which enables perfect theore-
tical tracking, even though the thrust command to thrust force
relation is not perfectly known. The time evolution of the
disturbance estimate is presented in Fig. 8. Also visible is the
convergence of the estimations of the lateral force errors, on
average, to a constant value. These can arise either from uneven
mass distribution of the quadrotor or from the fact that the motor
and transmission gears have imperfections that result in different
rotation velocities, for the same command signal. The estimation
does not converge to a constant value but presents some periodic

Fig. 7. Time evolution of the error signals.

Fig. 8. Disturbance estimate.

Fig. 9. Time evolution of the actuation signals.
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ripples. The ripples can be explained by the existence of unmo-
deled dynamics, which disturb the system. The period of the
ripples is the same as the period of the trajectory, which is
consistent with the unmodeled dynamics hypothesis.

The quadrotor actuation signals are depicted in Fig. 9. The
initial transient starts with a high thrust, to take the quadrotor to
the desired height, and large angular velocity commands, to turn
the quadrotor to the desired direction to minimize the errors. Once
in steady state, the actuation signals are primarily the ones
necessary to drive the controller through the reference trajectory,
with only small corrections being performed according to the
control law, without large variations. The thrust actuation is
always well above zero and the control law is well defined for
all time.

A video of the quadrotor takeoff and trajectory tracking is
available at Cabecinhas, Cunha, and Silvestre (2012).

6.3. Torque actuation simulation

We also performed simulation runs of our proposed controller
on a quadrotor actuated in torque and thrust. The quadrotor was
modeled to be identical to the physical quadrotors available for the
experiments. We consider mass m¼ 0:080 kg, an inertia tensor
J¼ diagð4:5;4:5;9Þ � 10�4 N m, and motors with a pole at 1.5 Hz,
which is not taken into account when developing the controller.
The control law coefficients are k3 ¼ 4, k4 ¼ 5, kb1 ¼ kb2 ¼ 1, and the
initial estimates b̂1ð0Þ and b̂2ð0Þ are set to zero. A disturbance
b¼ ½0:3 0:2 0:1�T was included in the simulation. For the sigmoid
functions we use sðsÞ ¼Mrs=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þr2s2

p
, with M¼1 and r¼1 and

ρðsÞ ¼Mrs=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þr2s2

p
, with M¼1 and r¼2. As yaw input action we

use τ3ðtÞ ¼ 0.
Fig. 10 shows a comparison of the reference and actual

trajectories. The results are similar to those obtained experimen-
tally, with convergence to the trajectory being attained after one
lap around the figure eight, corresponding to around 7 s. Due to
the unmodeled vehicle dynamics, resulting from considering the
motors as first-order dynamic systems, the trajectory convergence
is not perfect. Small residual errors can be observed even in steady
state, and are evidenced more clearly in Fig. 11, showing the time
evolution of the backstepping errors. Despite the unmodeled
dynamics the RMS position error is only 3.4 cm and the maximum
error is 7.0 cm.

Observing Fig. 12, one can perceive that the estimate b̂1

converges to the real value b and there is not much influence

Fig. 10. Comparison of the reference and vehicle trajectories.

Fig. 11. Time evolution of the error signals.

Fig. 12. Disturbance estimate.

Fig. 13. Time evolution of the actuation signals.
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due to the unmodeled dynamics. The estimate b̂1 would have
converged to the actual disturbance, b̂1 ¼ b, in the absence of
motor dynamics.

The time evolution of the quadrotor actuation is depicted in
Fig. 13. Again, a transient is clearly visible in the first seconds of
simulation, where the thrust and torque vary rapidly, until the
vehicle is settled close to the desired trajectory. The actuation
values for the transient are within the normal values for the
steady-state and the singularity T¼0 is not approached, even
during the transient.

7. Conclusions

This paper presented a state feedback solution to the problem
of stabilizing an underactuated quadrotor vehicle along a prede-
fined trajectory in the presence of constant force disturbances. A
Lyapunov function for the system was derived using adaptive
backstepping techniques and made possible by dynamic extension
of the actuation. A pair of sufficiently smooth estimators was
introduced so as to compensate for the force disturbance and add
integral action to the system. Control solutions for different levels
of actuation control, which depend on the aircraft, were proposed
and tested.

A rapid prototyping and testing architecture was developed to
expedite the development process by creating an abstraction layer
that integrates the sensors, controller, and communication with
the vehicle. Experimental data for trajectory tracking applied to a
small-scale quadrotor vehicle was presented which evidenced the
effects of the adaptive action and demonstrated the robustness
and performance of the proposed control law. Realistic simulation
data using a non-ideal torque and thrust actuated quadrotor
model was also presented, where the robustness and performance
of the proposed controllers with sufficiently smooth estimators
were assessed.

The directions of future work are manifold. Foremost, it would
be of great utility to extend the basin of attraction of the proposed
controller, which for now is restricted to a set of initial conditions
for which the tracking error is small. The proposed controller is
implementable only in situations where measurements of the full
state are available for feedback. This is not a typical circumstance
in practice for quadrotors flying outside controlled environments.
As such, another promising research direction is the extension of
the proposed technique so that only partial state feedback is
needed. For the particular case of aerial vehicles, good measure-
ments of the linear velocity are notoriously hard to obtain. A final
future research direction can focus on enhancing the trajectory
tracking control law so that the inherent limitations of the
actuators are always respected, independent of the trajectory to
be tracked and initial state of the vehicle.
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